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Initial-boundary value problem for the wave equation

Py — 224 (x,t) € [0,L] x [0, T]

ot? ox?

u(0,t) =0, tE[O,T]
u(L,t) =0, te [0, T]
u(x,0) = wo(x) x € [0, L]
v(XO) wo(x) x € [0, L]
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Wave Equation

Wave . . .
Equation Typical solution of the wave equation.




Interval parameters (worst case analysis)

Uncertain Solution of the equation with interval parameters for given
P (x,t) can be defined as the following set:

[u(x, t),d(x, t)] =

= <>{U(X7 t, p1, -~-7pm) tp1 € [31751]7 -~y Pm € [Bmvﬁm]}

where [Bl,ﬁl], o [Em,ﬁm] are interval parameters (for example

E.p,n etc.) and ¢A is the smallest interval that contains the set
A.

Function v is a solution of a PDE with the interval parameters
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Random parameters

Uncertain
Parameters

Solution of the equation with random parameters u(x, t, r(w))
for given (x, t) can be defined as the function of random
variable r(w) = (r(w), ..., m(w)).

Function v is a solution of a partial differential equation with
random parameters (for example E,p,n etc.)

Pu 2 0%u

o2~ Ox?



Random and interval parameters

Uncertain
Parameters

Solution of the equation with uncertain parameters
u(x, t, r(w), p) for given (x,t) can be defined as a function of
random variable r(w) and interval parameter p.

Function v is a solution of a partial differential equation with
random and interval parameters (for example E, p, n etc.)
Pu 2 0%u
o2~ Ox?




Methods for the solution of the wave equation

Methods for
the solution of

e e @ The Finite Difference Method
o discretization of the second order differential equation
o discretization of the first order differential equation
@ The Finite Element Method

o weak formulation
e modal analysis

@ Fourier Series




The Finite Difference Method

Differential equation

0%u  ,0%u
e Finite -5 — ¢ 52>
Diferene ot2 Ox2

Method

Discretization

Ujj—1 — 2Ujj + Ujjq1 c2li-1j = 2ujj+ Uit
At? Ax?

AL

A2 (Ui-1j = 20+ Uig1)

Ujj1 = 2Ujj — Ujj—1+



The Finite Difference Method

Differential equation

Ou
The Finite o9t — VvV
Difference 5
Method dv __ C23 u
ot Ix?

Discretization

{ u,-,j+1:u,-d-+v£,jAt
c°At
Vij+1 = Vij + Fez (Ui-1j — 2U;j + Uit1,j)



The Finite Element Method

Weak formulation

ot? Ox?
L ) L 5
The Finite O0“u 0%u
Element Method Yol wdx = C2 a0 wdx
t Ox
0 0



The Finite Element Method

Approximate solution

n

u= Z uipi(x), w= Z vjoj(x)
i—1

j=1

n
L o du _ S Dpi(x)
Ox

ow u Opj(x)
Ox Z Y ox
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The Finite Element Method

Approximate solution

The Finite
Element Method

Z (Z/(p,(x @j(x)dxii+
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- &p,(X) 0pj(x)
o2 opi\x) ) L
—I—E / I I dx-ui | wj=0



The Finite Element Method

Matrix form of the solution
Mi+ Ku=0

where
The Finite
Element Method

L
M;j = /@i(x)@j(x)dx
0

2 0@ x) Ogoj(x)
/ S Ox Ox dx
0



The Finite Element Method

Modal analysis

Mii+ Ku =0 (1)
Wi
: Z
u= Wsin(wt + ¢) = 2 | sin(wt + )
The Finite
Element Method Wn
W
.. 2 . 2 W2 .
i=—-wWsin(wt +¢) = —w sin(wt + ¢)
Wi,

(K — M)W =0



The Finite Element Method

General form of the solution:
u(t) = GGWysin(wit + 1) + ... + CoWysin(wnt + ¢n)

For example, for L = 1,c = 1 and two finite element the
equation

vsla )]+ T[A T e]-10]

1]t

u3
1] . 96
+C2 1 sin Et + ©2

The Finite
Element Method



Fourier Series

Differential equation
Pu 282
o2~ 9x2

Separation of variables

u(x,t) =y (x)w(t)

Let's substitute to the differential equation

Fourier Series

@ — 2 82u

otz — 8X2
() (x) = Cw (1) y" (x)
y/ _ lW// t) _ _)\2
y( ) c? w(t)



Fourier Series

Differential equations for the functions y and w.

{ S =N { Y (x) + Xy (x) = 0

w'! 2
Pl e = {0 Ao

Final form of the solution
~ L

=55 (7 s (o) s () on ()

n=0 0




Upper and lower solution for problems with the
interval parameters

Lower and upper solution u(x, t),
using the optimization methods:

U(x, t) can be calculated by

u(x, t) =
eq:]a.tions I = min{u(x, t, p1, "'7pm) ip1 € [31751]7 -~y Pm € [Bmaﬁm]}
with interva
parameters E(X, t) —

= maX{U(X7 t, p1, "'7pm) p1 € [BPﬁl]? -~y Pm € [Bmaﬁm]}



The Finite Difference Method

Explicit method

AL

A2 (Ui-1j = 2uij + Uig1)

Ujj41 = 2Ujj — Ujj—1+

Calculation of the gradient

0 0 0
Uij+1 = 287/%“'-”. - aT)kUi,j—l-l-

Equations
W?th interval 8pk
parameters
0 [ cAt?
9pr \ Axz (ui-1j = 2uij + viy1j) +

Ax2 8Pk i—1,j 5Pk i apk i+1,



The Finite Element Method

PDE after discretization
Mii+ Ku=20

Calculation of the gradient

Equations
with interval

0 0
arameters MV+KV: ——Mi— —Ku
’ Opx Opk

— 0
where v = pr U-



Fourier Series

Solution

- L
Y(X,t):nz_% io/f(x)sin(l_)dx cos( Lt>5in(T)

Calculation of the gradient

Equations
with interval

B
para meters X, t —
FrRd (x,t)

L
/f(X)sin (LZX) dx | cos (Wzd) sin (LZX)
0

~I N
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Steepest Descent Method

In order to find maximum/minimum of the function v it is
possible to apply a modified version of the steepest descent
algorithm.

@ Given xp, set k =0.
Eautions @ dk = —VFf(x). If d¥ = 0 then stop.
with interval © Solve min,f(x, 4+ ad¥) for the step size ay. If we know

parameters T
o _ dld
second derivative H then oy = TTHOR)

@ Set xx11 = Xk + akdk, update k = k + 1. Go to step 1.




Parameter dependent probabilistic solution

For every specific value of the interval parameters ps, ..., pm it
is possible to calculate the probabilistic solution

u(x, ty,w, Py ..y Pm)-

Now it is possible to calculate extreme value of the probabilistic
events. For example probability of failure. Probability of failure

Pr = Po{w € Q: g(u(w)) < 0} € [P, Py]

Lower bound of the probability of failure

Gl P — min{ Pofw e Q: g(u(w).p) <0} pi € [p,,7i] |

and interval
parameters

Upper bound of the probability of failure

Pr= maX{PQ{w €Q:g(u(w),p) <0:pi€ [B"’ﬁ"”



Upper and lower solution with random parameters

In the specific case when the upper and lower solution does not
depend on the combination of random parameters for every
specific w € Q it is possible to calculate upper and lower
solution u(x, t,w), d(x, t,w) and then calculate all kinds of
probabilistic results by using for example Monte Carlo
simulations. For example it is possible to calculate the
probability that umin < U < Umax in the following way:

\I/Ev?tLl:a:iaonndsom PQ{W € Q: upin < H(X7 t7w)=U(X7 t7w) < umax} =

and interval

parameters = Pa{w € Q: [umin, Umax] O [u(x, t,0), 1(x, t, )]}

where Pq is appropriate probability measure.



Upper and lower probability

Lower probability
Bel(A) = Po{w € Q: [u(x, t,w),d(x, t,w)] C A}
Upper probability

" PI(A) = Po{w € Q : [u(x, t,w),T(x, t,w)] N A =0}
quations

with random

and interval

parameters



Reliability of engineering structures

Probability of failure
Pr = Pof{w € Q: g(u(w)) < 0} € [Py, Py]
Lower probability
Pr = Pa{w e Q: g(lu(w), u(w)]) € [0,00)}

Equations Upper prOba b|||ty

with random

and interval

Pr = Pafw € Q: g([u(w), a(w)]) N [0,00) # 0}



Example

Wave equation with uncertain initial conditions
Pu = 224 (x,t) € (0,L) x (0, T)
u(0,t) =0, t €0, T]

u(L,t)=0, t€]0,T]

u(x,0) € [ug(x),do(x)] x € [0, L]
v(x,0) =0 x € [0, L]

Equations

with random

e and c is a random parameter with some probability density

parameters

function.



Example

Explicit method

c?At?
Ujj1 = 20jj = Uij-1 + —1 o (Ui-1j — 2u;j + Uit1j)

Calculation of the gradient

0
Uil = ujp + v,i0At = ujg = —uj1 =1

Oug
: 0 0 0
Equations . — . .
: —Uip =2—Uj1 — —Ujio+
and el dug " dup " Oup
parameters 2 5
+c At 0 5 0 N 0 -0
N | 3 Ui-11 — 25— Uil + U1
Ax2 \Oug '™ oup "t Qug T

for t in some interval [0, T].



Example

The interval solution
[u(x, t,w), u(x, t,w)] = [u(x, t,w, ug), u(x, t,w, Uo)]

If ¢ is a random parameter, then now it is possible to consider
upper and lower probability of different events by using above
Equations described interval solution.

with random

and interval
parameters



Conclusions

@ Interval solution of the wave equation can be calculated by
using different numerical methods and appropriate
optimization algorithms. In this paper, 3 numerical
methods and one optimization method were presented.

@ If there are interval and random parameters it is possible
to calculate upper and lower bound of the probability of
different events.

o If the interval solution depend always on the same
combination of parameters, then it is possible to compute
upper and lower probabilistic solution and compute
different probabilistic events by using this interval solution.

Conclusions
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