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Motivation

What to do with the student’s answers with errors?
Correct answer:

(1 + 2)

Answers with errors:
(1 + 2(

(1 + ∗2

(1 + (2)

...
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Online visualization

Figure: Solution of the heat transfer equation
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Sample Problem

Find area of the parallelogram for ā = [1, 2, 3],
b̄ = [3, 2, 1]. Answer: A = |ā× b̄| = 4

√
6.

How to input 4
√

6 into the system in order to provide the
answer?

It is possible to use text description of the expression. For
example:

4 ∗ sqrt(6)
4 ∗ Sqrt[6]
4sqrt(6)
4sqrt6
4 · sq6
etc.

12 / 48



Motivation

Online
learning

How to create
online
assignments?

Typical
problems in
mathematical
representation
of the
student’s
answers

Arithmetic
expressions
with errors

Multi-valued
logic

Learning

Conclusions

Parse Tree

13 / 48



Motivation

Online
learning

How to create
online
assignments?

Typical
problems in
mathematical
representation
of the
student’s
answers

Arithmetic
expressions
with errors

Multi-valued
logic

Learning

Conclusions

XML Parse Tree

14 / 48



Motivation

Online
learning

How to create
online
assignments?

Typical
problems in
mathematical
representation
of the
student’s
answers

Arithmetic
expressions
with errors

Multi-valued
logic

Learning

Conclusions

Grammar

15 / 48



Motivation

Online
learning

How to create
online
assignments?

Typical
problems in
mathematical
representation
of the
student’s
answers

Arithmetic
expressions
with errors

Multi-valued
logic

Learning

Conclusions

Infix notation, Prefix notation, Postfix notation

Different notation for arithmetic expressions.

Infix notation (5 + 6)x7

Prefix notation x + 567

Postfix notation 756 + x

Typical evaluation process of arithmetic expressions.

InfixToPrefix((5 + 6)x7)=x + 567

EvaluatePrefix(x + 567)=77
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How to evaluate mathematical expression
Given as a String?

Example

Expression: sqrt(2)*6

Value:
√

2 · 6
Example

Expression: sqrt2*6

Value:
√

2 · 6
Example

Expression: Sqrt[2]6

Value:
√

2 · 6
Example

Expression: SQRT[2]6

Value:
√

2 · 6
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WebAssign questions from code (HTML, Perl etc.)

The following code in Answer accepts two values between 20
and 100, and then requires your students to multiply them:

<EQN $A=userinput(20,100,50)>

<EQN $B=userinput(20,100,50)>

<EQN $SIMPLIFIED=1; $A * $B>

To require students to perform the computations instead of
stating their response as a mathematical expression, set the
$SIMPLIFIED, $FRACTION, or $PROPERFRACTION
variables to 1 as you would for any other numerical question.
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Turing complete programming languages in
teaching

Any Turing complete programming language (e.g.
C,C++,Python, Java etc.) can express wide class of
algorithms.
This gives teachers a tool to work interactively online on
problems with practically arbitrary complexity.
To use this tool, it is necessary to represent a mathematical
problem in a form of computer code and then the students by
using webpages can interact with this code to check their
progress. In the same way it is possible to work with research
problems with arbitrary complexity.
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Curry–Howard correspondence

The Curry–Howard correspondence (also known as the
Curry–Howard isomorphism or equivalence, or the
proofs-as-programs and propositions- or formulae-as-types
interpretation) is the direct relationship between computer
programs and mathematical proofs.
Teacher/scientists can use this relation and create computer
programs from mathematical formulations and mathematical
formulations from computer programs.
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Problems with visual learning

Example
a× b = ab

Conclusion

2× 2 =?
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Problems with visual learning

Example
a× b = ab

Conclusion

2× 2 = 22(incorrect)

2× 2 = 4(correct)
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Problems with visual learning

Example
a× b = ab

Conclusion

2× 2 = 22(incorrect)

2× 2 = 4(correct)

String concatenation
Example

‘a‘ + ‘b‘ = ‘ab‘

Conclusion

‘2‘ + ‘2‘ = ‘?‘
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Problems with visual learning

Example
a× b = ab

Conclusion

2× 2 = 22(incorrect)

2× 2 = 4(correct)

String concatenation
Example

‘a‘ + ‘b‘ = ‘ab‘

Conclusion

‘2‘ + ‘2‘ = ‘4‘(incorrect)

‘2‘ + ‘2‘ = ‘22‘(correct)
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Problems with classification

Is this true that this is a cat?

Answer:
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Arithmetic operators with multiple form

Input expression with a syntax error

2 ∗ (3 + ∗/2)

Arithmetic operators with multiple form

{+, ∗, /}

Possible multiple form of the expression

2 ∗ (3{+, ∗, /}2) = {2 ∗ (3 + 2), 2 ∗ (3 ∗ 2), 2 ∗ (3/2)}
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Missing parts of the expression

Input expression with a syntax error

2 ∗ (3 + 2

Input expression with correction

2 ∗ (3 + 2)
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Missing parts of the expression - values

Input expression with a syntax error

2 ∗ (3+)

Input expression with correction

2 ∗ (3 + {x , y , f (x), g(x , y)})

{2 ∗ (3 + x), 2 ∗ (3 + y), 2 ∗ (3 + f (x)), 2 ∗ (3 + g(x , y))}

where x , y are some real/integer/rational values.
f (x), g(x , y) are some functions/expressions.
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Applications of multi-valued logic for ordering of
errors in arithmetic expressions

Input expression with a syntax error

2 ∗ (3 + ∗/2)

Correct expression
2 ∗ (3 + 2)

Partial ordering relation ≤ between “more correct”
and “’less correct ” expressions

2 ∗ (3 + ∗/2) ≤ 2 ∗ (3 + ∗2) ≤ 2 ∗ (3 + 2)

Some expressions have similar level of “correctness”.

2 ∗ (3 + ∗2) ≈ 2 ∗ (3 + /2) ≈ 2 ∗ (3 ∗ /2)
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Applications of multi-valued logic for ordering of
errors in arithmetic expressions

Correctness of some expressions cannot be compared

2 ∗ (3 + 2
�
��
<
=
>

2 ∗ (3 + ∗2)

In the expression 2 ∗ (3 + 2 there is a problem with parentheses.
In the expression 2 ∗ (3 + ∗2) there is a problem with
mathematical operator.

2∗)3 + ∗2
�
��
<
=
>

1 + 2∗
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Learning as minimization of functional
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Learning as sequence of updating

Recursive Bayesian estimation

P(A | B) =
P(B | A)P(A)

P(B)
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Learning as sequence of explanations, trials, and
corrections

Figure: Learning process is represented as a curve

Learning described in this presentation is modeled as a
sequence of explanations, trials, and corrections.
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Conclusions

Turing complete programming languages give teachers a
tool to work interactively online on problems with
practically arbitrary complexity.

Syntax and grammar analysis of the mathematical
statements can improve online learning systems.

Arithmetic expressions with errors can have possibly many
different corrections and meanings.

Some corrections can be represented as set operations.

Multi-valued logic can be used to study various stages of
correctness.

Presented approach can be use as a mathematical
foundation for “partial credits”.

Learning can be viewed as a sequence of explanations,
trials, and corrections.
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