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In this paper, an algorithm of calculation of extreme values of temperature based on interval arithmetic is
presented. Many mechanical systems with uncertain parameters AOA can be described by parameter
dependent system of linear equations K(A)T=B(A). Using natural interval extension of real function, one can
transform system of linear equation into system of linear interval equation K(A)T=B(A). Solution of system
of linear interval equations always contains the exact solution of parameter dependent system of equation.
This technique is called Interval Finite Element Method. New method of computation of extreme values of
mechanical quantities based on monotonicity test is introduced. This method can give exact solution of
parameter dependent system of equations.

1 Introduction

The study of the influence of parameters upon behaviour of mathematical models is one of the
basic problems of computational mechanics. Usually, one is interested in systems which are locally
stable in the sense that their qualitative behaviour does not change under small variations of the
parameters. Here, some form of perturbation theory may be the appropriate tool [36]. One often needs
to know explicitly the properties of the solutions for a large region of physical significance. The
mathematical models for describing the systems considered in this paper are in the form [29, 36]

F(zf)=0 (1)
where F':ZXT — Z. Space z characterizes the state of the system, ¢ denotes the parameter variable
allowed to vary in space T.

Consider now mechanical system (1) with uncertain parameters ¢. If sufficient experimental
information are available, probablistic methods should be applied [40, 41]. Alternatively
convex model of uncertainty should be applied [2, 5, 8, 43].

One of the simplest ways of representation of uncertain or inexact data, as well as inexact
computations with them, is based on interval arithmetic [1, 22, 26, 29, 42]. Other methods are based
on set valued analysis [38] and classical theory of optymization [2, 5, 7, 9, 12, 23, 41, 44]. Convex
model of uncertainty can be represented also by ellipse [10, 32, 43].

When function is sufficiently smooth to calculation extreme values, Kuhn-Tucker condition [11]
can be used. When function z(?) is given explicitly to calculation extreme value, one can use interval
global optimization [39] or other global optimization method (solon.cma.univie.ac.at/~neum/glopt).
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2 Interval arithmetic
A real interval is a set of real numbers such that

XZ[E,Y]Z{xDR:ESxS)?} (2)

The set of all intervals is denoted by /R [1, 29] and called a real interval space. Operations and
functions on reals are naturally extended to interval operands according to the general formulas [26]

XDy={ny:xDX,yDy,DD{+,—,D/}} (3)
f(Xl,...,Xn) ={f(x1,...,xn): x, UX,,..x, Dxn} 4)

The function f{.) is called programmable if f(x) can be built up from the arithmetic, the logical and
the comparison operators and some collection of standard transcendental functions (like sin, cos,
power, etc.). Especially, given an argument x, the function value f{x) can be computed with a finite
number of operations [29]. All the functions in this paper are assumed to be programmable.

Another important property of arithmetic operations on intervals is called inclusion isotonicity

(@0c)O(bOd)=albOcOd (5)

the result of straightforward calculation of interval expression will always include the proper result
(O is any interval arithmetic operations).

Let X [J/R, then the natural interval extension of programmable function f{.) to X is defined as
expression which is obtained from the expression f{x) by replacing each occurrence of the variable x
by the box X, the arithmetic operations of R by the corresponding interval arithmetic operations, and
each occurrence of pre-declared function g(.) by the corresponding inclusion function g(.) [26]. From
the inclusion isotonicity of interval arithmetic operations [1, 26], and from the properties of the pre-
declared inclusions i.e. the f ( ) ’s, it follows that every inclusion function f(X) has a property

x Ox implies f(x)0 f (x) (6)

Property (6) is the key to almost all interval arithmetic applications and results E.Hansen suggested at

an international interval arithmetic workshop in Colombus, Ohio, September 1987, that (6) should be

called the fundamental property of interval arithmetic. For any bounded set of real numbers S, one can
define a smallest interval enclosure of the set [22]

hull S = |inf S, sup S| (7)

3 Systems of linear interval equations

Let us consider a linear interval system of equations with an interval coefficient matrix AU [

and an interval right-hand vector B O IR" [29]
AX =B ®)

nxn

The solution set of Eq. (8) is defined as [29]
3 (A.B)={xOR": MDA, (BB, 40K = B )

Calculating (and representing) the solutions set Z(A,B) may be quite hard and impractical,

especially for larger n [22]. Therefore, for many practical purposes, one is satisfied with the interval
enclosure of the solution set (9). The smallest enclosure is the Aull of the set [22, 29]

mnil’y (A,B)=inf > (A.B).sup> " (A,B) (10)

There are many methods for solution of equation (8). The simplest method is the use of all
combinations of the endpoints of intervals of matrix A and vector B [13, 22]. Others like Rohn sign
algorithm [37] or linear programming method [19, 22] are based on the theorem of Oettli and Prager
[29]. Some methods give only interval estimation of set [22, 29]. Computation of exact solution set (9
or 10) is NP-hard [21].
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4 Interval FEM

In this paper extreme values of temperature in biological tissue using Interval Finite Element
Method [19, 20, 22, 27, 28, 33, 34] are calculated. The Pennes equation describing the steady
temperature field in biological tissue is considered [14]

div[/lgmd T(x)] + Qmet + Qpe)f =0 (1 1)

Where A is the thermal conductivity of tissue, 0, is the metabolic heat source, Q. is the perfusion

met
heat source, T is the temperature. Equation (11) is supplemented by boundary conditions which can be
written in form

x0TI @{T(x),aT—(x)} =0 (12)

on

The perfusion heat source is as follows

Qpe/jf(x)zcbprb[T(x)_Tb] (13)
where ¢, , p, are the specific heat and mass density of blood, 7, is the temperature of blood and G,
is the perfusion rate. In this paper, the 1D problem is considered. In order to obtain the solution, the
FEM is applied. Finite Element Method leads to the following system of equation

K(N)r=B(1) (14)

where K is global heat conductivity matrix, 7T is the vector of unknown temperatures and B is the

vector containing the information about boundary conditions, A is an uncertain parameter. The exact
solution set of (14) can be described as

{T,(2)...7,(0): 20N ={(K x,,2,....{ x,,A ): AT A} (15)

Interval analysis provides a rigorous and realistic sensitivity analysis of the solution of (15) under
perturbations of specified magnitude (i.e. not only asymptotically for ,,sufficient small” perturbations).
Computation of exact solution set (15) is very difficult [15, 18, 29-31]. Uncertainty is introduced by
assigning an interval value parameters using their interval extension [1]. Then the system of equation
(14) become system of interval equations in form

K(A)T =B(A) (16)
From fundamental property of interval arithmetic [29], it arises that

{(T.(2)...7,(): 20N ={{x,.4..... 7 x,.4):A0A} O (KA. EW) (17)

Fig.1 Solutions sets of equation (14) and (16).
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i.e. solution of system of linear interval equation (16) always contain the exact solution set (15) in a
nodal point x; (i=l,...,n). Both solution sets (15, 17) are very complicated (see Fig.1). Because of this,
in application, one use the smallest interval which contain the exact solution set (15 or 17) [22].

nul’y” (K(A), B(A))DIR" (18)
Temperature field in biological tissue satisfy the following equations

R, <r<R, ——( dT(r)]+Q 0
rdr dr
r=R, —ldT(r)=a(T(r)—Tb) (19)
dr
r=R, :T()=T,
R, R, - internal and external radiuses of domain
a - heat transfer coefficient
T, - tissue temperature
O = Oper T Opers - constant value
blood vessel
o tissue
A
Tb (04 Tt
R, R,

Fig. 2 The domain considered

Using the weighted residual method criterion one has

Rj{;( AZ—Z] + rQ} (r)dr=0 (20)

and after integrating the first component of equation above by parts, one obtain the following equation

r/l—w

J-/ld—T—ddw + IrQw( ) (21)

The integrals from R, to R, are substltuted by the sum of 1ntegrals

dT | de '
{rﬂd—w(r)Lz —{M—w L z I rA— wlr d +z II’QW (22)

r R ©
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Temperature at the finite element sub—domain is described by the linear function

POl ] 1) =T, 4 2T = N T 4N T, 23)
After combination of equation (22), one obtain system of linear equation in the form
K(2)r =B(1) (24)
Coefficients of global heat conductivity matrix for i=1, ... ,n-1
koo :”12 _”02 s ko, :”02 _”12 (25)
k;; =”1i1 _7?31 s ki =rii] _’”iz, kijer =ri2 _’”iiz (26)
kn,n—] = rnz—l _rnz s kn,n = rnz - rnz-] (27)
Coefficients of vector B for i=1, ... ,;n-1
py =4+l il =37 (’”H _’”i+1) (28)
and terms 0 and n
3R,aT, A
P0:r13+”02(2”0_3’”1)+A (29)
Oh
3T
Pu=— (30)
Oh
Finally, terms =0, ... ,n
Oh
B== 31
i (1)

One assumed that R,=0.0005 [m], R,=10*RI1, a=2000, 7,= 32 [°C], T,=37 [°C], 0=10245
[W/m?], A000.21,0.23] [W/mK]. The results of calculations are shown in Fig.3.

45
TIC]

40

35

30

rfm]
25 ‘

0.0005 0.0015 0.0025 0.0035 0.0045

Fig. 3 Extreme values of temperature in biological tissue
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5 Interval FEM based on monotonicity test

In many engineering problems, solution T.(/\) is monotone in A. In this case extreme values of

1

mechanical quantities one can calculate using endpoints of the interval A

T, =minfl, .5, (R}. T =mad7; (). 7, (X} (32)
From fundamental property of interval arithmetic (6), it arises that
oT;
if OD# then T,(A) is monotone in A (33)
Derivative of temperature 7, can be calculated using the implicit function theorem
or_ap oKk )
04 01 04

Interval extension of derivative (33), can be calculated as a solution of the following system of linear
interval equations

oT _9B(A) _0K(A)1(5) (33)

K(A)==
w 04 04 04

where
T(A)=hutly" (K(A). B(A)) (36)

From fundamental property of interval arithmetic (6), equation (35) and conclusion (33), it is arises
that if

ODag—S\A)=Z(K(/\),a%—§\A)—a§—§\A)T,(Y\)j (37)

then functions 7}(/\) are monotone in A . If interval A is too large one can divide it into part A; such
that A= UAi and int(/\[) n int(/\j)= U for i # j . If functions T[(/\) are monotone in all parts A;

1
then functions Ti(/\) are monotone in A .

Consider now the same boundary value problem (19) and initial data. The results of the calculations
are shown in table 1. In the calculation, the interval A was divided into 40 parts A;.

Table 1 Results of calculation using Interval Finite Element Method with monotonicity test

Tb TI TZ T3 T4 T5 TZS T; TZ‘? T9 T10

[°C]|36-586(35.470|34.782 | 34.284 | 33.894 | 33.573 | 33.302 | 33.065 | 32.857 | 32.669 | 32.500

[°C] |36.619|35.49434.800 | 34.298 | 33.905 | 33.582 1 33.308 | 33.070 | 32.859 | 32.671 | 32.500

6 Conclusions
The Interval Finite Element Method (IFEM) always gives solution in the form [19, 22]

T(A)=hutly" (K(A). B(A)) (38)
This interval always contains exact solution set of parameter dependent system of equation (24). Both
solutions are very similar only if width of interval A is very small. In other cases, the so called error
explosion problem [17, 22] causes that Interval FEM gives extremely overestimated results [22].
Coefficient dependence problem provides the main source of overestimation [22]. This error is an
integral part of IFEM and it is impossible to avoid this effect in algorithm which was presented in
section 4. IFEM with monotonicity test gives exact solution of equation (24). One can applied this
algorithm in a situation where parameter dependent solution is monotone.

This paper is the part of the grant No. 8T11F00615 by the Committee of Scientific Research
(KBN), established by the Polish Government.



Modelling of Heat Transfer in Biolgical Tissue by Interval FEM

References

[1] Alefeld G., Herzberger J., Introduction to Interval Computations. Academic Press, New York
1983.

[2] Ben-Haim Y. Elishakoff 1., Convex Models of Uncertainty in Applied Mechanics. Elsevier Science
Publishers, New York, 1990.

[3] Dinkel J.J., Tretter M., Interval Newton Method and Perturbated Problems. Applied Mathematics
and Computation, 28: 211-222, 1988.

[4] Elishakoff 1., Colombi P., Combination of probablistic and convex models of uncertainty when
scare knowledge is present on acoustic excitation parameters. Computer methods in applied
mechanics and engineering, 104: 187-209, 1993.

[5] Elishakoff 1., Essay on uncertainties in elastic and viscoelastic structures: from A.M. Freudenthal's
criticisms to modern convex modelling. Computers and Structures, 56(6): 871-895, 1995.

[6] Elishakoff I., Haftka R.T., Fang J., Structural Design Under Bounded Uncertainty-Optimization
with Anti-Optimization. Computers and Structures, 53(6): 1401-1405, 1994.

[7] Elishakoff ., Li Y.W., Starnes J.H., A deterministic method to predict the effect of unknown-but-
bounded elastic moduli on the buckling of composite structures. Computer methods in applied
mechanics and engineering, 111: 155-167, 1994.

[8] Elishakoff I., Three versions of the finite element method based on concepts of either stochasticity,
fuzziness or anti-optimization. Applied Mechanics Review, 51(3): 209-218, 1998.

[9] Elisseeft P., Glegg A.L., Elishakoff 1., Nonprobablistic, Convex-Theoretic Modelling of Scatter in
Material Properties. 4144 Journal, 32(4): 843-849, 1994.

[10] Guderley K.G., Keller C.L., A Basic Theorem in the computation of Ellipsoidal Error Bounds.
Numerishe Mathematic, 19: 218-229, 1972.

[11] Gutkowski W., Bauer J., Manufacturing tolerance in optimum structural design [in Polish].
XXXVII Sympozjon ,Modelowanie w mechanice”, Politechnika Slaska, Zeszyty Naukowe
Katedry Mechaniki Stosowanej, No. 7, 1998, pp. 149-154.

[12] Gutman P., Baril C., Neumann L., An Algorithm for Computing Value Sets of Uncertain Transfer
Functions in Factored Real Form. IEEE Transactions on Automatic Control, 39(6): 1268-1273,
1994.

[13] Hartfiel D.J., Concerning the solution set of Ax = b where P<A<Q and p<b<q. Numerische
Mathematik, 35: 355-359, 1980.

[14] Huang H.W., Chan C.L., Roemer R.B., Analytical Solution of Pennes Bio-Heat Transfer
Equation With a Blood Vessel. Journal of Biomechanical Engineering, 116: 208-212, 1994,

[15] Hyvonen E., Constraint reasoning based on interval arithmetic: the tolerance propagation
approach. Artificial Intelligence, 58: 71-112, 1992.

[16] Jansson C., Interval linear systems with symmetric matrices, skew-symmetric matrices and
dependencies in the right hand side. Computing, 46: 265-274, 1991.

[17] Kearfott R.B., Kreinovich V., Applications of Interval Computations. Kluwer Academic
Publishers, London 1996.

[18] Kearfott R.B., Xing Z., An Interval Method Step Control for Continuation Methods. SIAM
Journal on Numerical Analysis, Vol.31, No.3, 1994, 5.892-914.

[19] Koyliiogjlu H.U., Cakmak A., Nielsen S.R.K.. Interval mapping in structural mechanics. In:
Spanos, ed. Computational Stochastic Mechanics. 125-133. Balkema, Rotterdam 1995.

[20] K&yliioglu H.U., Elischakoff 1., A comparision of stochastic and interval finite elements applied
to shear frames with uncertain stiffness properties. Computers and Structures, 67(1-3): 91-98,
1998.

[21] Kreinovich V., Lakeyev A., Rohn J., Kahl P., Computatioal Complexity Feasibility of Data
Processing and Interval Computations. Kluwer Academic Publishers, Dordrecht, 1998.

[22] Kulpa Z., Pownuk A., Skalna 1., Analysis of linear mechanical structures with uncertainties by
means of interval methods. Computer Assisted Mechanics and Engineering Sciences, 5: 443-477,
1998.



Jasinski M., Pownuk A.

[23] Liu Z.S., Chen S.H., Han W.Z., Solving the Extremum of Static Response for Structural Systems
with Unknown-But-Bounded Parameters. Computers and Structures, 50(4): 557-561, 1994.

[24] Lombardi M., Haftka R.T., Antioptimization technique for structural design under load
uncertainties. Computer methods in applied mechanics and engineering, 157: 19-31, 1998.

[25] Mochnacki B., Suchy J.S., Modelowanie i symulacja krzepniecia odlewow. PWN, Warszawa
1993

[26] Moore R.E., Interval Analysis. Prentice Hall, Englewood Cliffs, NJ, 1966.

[27] Mullen R.L., Muhanna L., Bounds of Structural Response for all Possible Loading Combinations,
Journal of Structural Engineering, 125(1): 98-106, 1999.

[28] Nakagiri S., Suzuki K., Finite element interval analysis of external loads identified by
displacement input with uncertainty. Computer methods in applied mechanics and engineering,
168: 63-72, 1999.

[29] Neumaier A., Interval Methods for Systems of Equations. Cambridge University Press,
Cambridge 1990.

[30] Neumaier A., Rigorous Sensitivity Analysis for Parameter-Dependent Systems of Equations,
Journal of Mathematical Analysis and Applications, 144: 26-25, 1989.

[31] Neumaier A., The enclosure of solutions of parameter-dependent systems of equations, In
Reliability in Computing, pp. 269-286, 1988.

[32] Pantelides P., Ganzerli S., Design of Trusses under Uncertain Loads using Convex Models.
Journal of Structural Engineering, 124(3): 318-329, 1998.

[33] Qiu Z., Elishakoff 1., Antioptimization of structures with large uncertain-but-non-random
parameters via interval analysis. Computer methods in applied mechanics and engineering, 152:
361-372, 1998.

[34] Rao S.S., Berke S., Analysis of uncertain structural systems using interval analysis. A/4A4
Journal, 35(4): 727-735, 1997.

[35] Rao S.S., Chen L., Mulkay E., Unified Finite Element Method for Engineering Systems with
Hybrid Uncertainties. AI4A4 Journal, 36(7): 1291-1299, 1998.

[36] Rheinboldt W.C., Numerical analysis of parametrized nonlinear equations. John Wiley and Sons,
New York, 1986.

[37] Rohn J., Systems of linear interval equations. Linear Algebra and its Applications, 126: 39-78,
1989.

[38] Saint-Pierre P., Newton and Other Continuation Methods for Multivalued Inclusions. Set-Valued
Analysis, 3: 143-156, 1995.

[39] Skrzypczyk J., Pownuk A., O pewnej metodzie okreslania gornego ograniczenia wielkosci
mechanicznych w warunkach przedziatowych nieokreslonosci parametrow ich matematycznego
modelu. XXXVII Sympozjon ,Modelowanie w mechanice”, Politechnika Slaska, Zeszyty
Naukowe Katedry Mechaniki Stosowanej, No 7, 1998, pp. 323-328.

[40] Sobczyk K., Stochastic Differential Equations with Applications to Physics and Engineering.
Kluwer Academic Publishers, B.V. 1991.

[41] Tonon F., Bernardini A., A random set approach to the optimization of uncertain structures.
Computers and Structures, 68: 583-600, 1998.

[42] Wilke F.Z., Franciosi B.R.T., Oliveira P.W., Claudio D.M., Modelling the Measurement
Uncertainty by Intervals. Journal of Universal Computer Science, 4(1): 82-88, 1998.

[43] Wojciechowski K., System z niepewnosciq ograniczonq [in Polish], Akademicka Oficyna
Wydawnicza PLJ, Warszawa 1998.

[44] Yoshikawa N., Elischakoff 1., Nakagiri S., Worst case estimation of homology design by convex
analysis. Computers and Structures, 67(1-3): 191-196, 1998.



