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Problems with uncertain geometry
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Problems with uncertain geome
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Set valued variables
f:R"o>M>3x— f(x)eR
f(Q)={f(x): xeQ}

£ =inf f(Q)
fU = sup f(Q)




Monotone function
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Integrals and
the functions of integrals

f(Q) = j g(x)dx

f(Q)=F jg(x)dx




Examples

f(Q)= [ E(AX) AN, (x) AN, (%) 4

[0,L]

jde(x)

H&) = [da(x)




Numerical methods in engineering

K(...,jg(x)dﬂ(x),...]u =Q(...,jg(x)dg(x),...]

( )

u=u ...,jg(x)dg(x),... =u(...,Q,,...)
N J

Displacement vector u is complicated
function of many sets ()
e




Optimization with
set-valued variables




Q+AQ=0QUAQ

p—



Differential of function with
set-valued variables

f(Q+AQ) - f(Q) ~ df (Q, AQ)

For example

f(Q) = 9(x)dQ(x)

df (Q,AQ) ~ g(x)|AQ)|




Example

L(Q) = [ (¢ +y*)O

dl,(x,y,Q,dQ) = (x*+ y*)|dQ)]




Monotonicity

f(Q+AQ) - f(Q)20=|f(Q+AQ) > f (Q)

f(Q+AQ) — f(Q) ~ df (Q, AQ)

If df (Q,AQ)>0 then
f(Q+AQ)> f (Q)




Topological derivative

i FQ+AQ()) - F(Q) _ df

AQ(x)}-0 AQ(X) — dOQ(x)




Topological derivative (example)

L(Q) = [ (x* + y?}O

dl,(x,y,Q,dQ) = (x*+ y*)|dQ)]

dl, :

=Xx°+y°>0
dQ(x,Y)




Topological derivative (example)

, =X +y*>0
dQ(x, y)
QcQ+AQ

1, (Q+AQ)> 1, (Q)




Differential of function with
set-valued variables

f(Q)=F [ | g(x)dﬂ(x)j

df (Q,AQ) = F ( j g(x)dQ(x)j g(x)|AQ)]




Topological derivative
f(Q)=F [ | g(x)dﬂ(x)]

df

- F ( | g(x)d@(x)]g(x)

dQ(x)




Example: center of gravity

jde
f(Q) =

de

[ xdQ- de jde [do

df () dQ(x) (X)

dQ(x) Udﬂ)




Example: center of gravity

df(Q):X;[dQ_;[XdQ

dQ(x) Y




System of algebraic equations
K(Q)u(Q) =Q (Q)
dK (©Q,dQ) - u(Q) + K(Q) - du(Q,dQ) = dQ (Q,dQ)

du(€2,dQ)

can be used in optimization problems.




System of algebraic equations
K(Q)u(Q) =Q(Q)
K(Q)-du(Q,dQ) = dQ (Q,dQ) - dK (Q,dQ) - u(Q)

N

K(€)
aQ (Q,C Q) > - Can be calculated directly

dK (Q,dQ)

u(€Q),du(€2,d€2) - Solution of the system of equation




Topological derivative

du(@) _dQ(®) _dK(®Q)
dQ(x) dQ(x) dQ(x)

K(€2)

(€2)




Web application
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Differential equations

F (x, y(Xx,Q), ay(x, ) ,Qj =0
dx
F dy(x.dQ) + —Fidy(x dQ) + dF,, (x, y,v,dQ) = 0
oy ov dx
where V=dy(X’Q).
dx

From this equation it is possible to calculate ay
and then use this result in the sensitivity analysis.




Differential equations

F (x, y(x,Q), dy(;;Q) ,Qj =0

oF dy +8Fd dy N oF 0
oy dQQ(x) ov dx\dQ(x)) 0Q(x)

Using presented approach it is possible to
avoid approximations errors.




Linear elasticity

o°u. o°u. o
| ﬂ, J F—Z
2Hg + 2lu Jaax TR

J j

0° ( ou,(x,1) 0° (ou;(xt)) &% (ou(xt)
Zﬂﬁxg( oQ(y) j+z(ﬂ+ﬂ)5xiﬁxj( oQ(y) j_pﬁtz( oQ(y) j




Tension-compression example

d ( ‘A‘du(x A)j+n=0
dx dx

/ \
91 E 2y, A)+E\A\ MxA 1
| X y

OA(¢)




Direct method
L
P
u(x,A):_[ E\A\ dx

0

A =[dA(©)

0 1 _ 1 &
OA(E) | A \Af OA(&)

| Al




Upper and lower bound

ou(x, A) 0 0
— —~ 0
Tl
u' =u(A")

u" =u(A")




Center of gravity

Cf(g):xidg—ixdgzo

dQ(Xx) [IdQ]

_[de




Extreme values of the solution

dQ— [xd dQ— [xdQ >0
xé[Q g_!x Q<0 x,. xi g_!'x >

p—



Interesting property

g(x,Q):xde—jde

dg(€2) _ _ d x[dQ - [ xd©
- Q Q

dQ(x) dQ(x)

=X-1-x=0




Center of gravity

I Uncertainty



Center of gravity

xi = Xc (Qmin)




Center of gravity

X, = X (Q™)




Ilterative methods.

XE‘;dQ—E‘;XdQ<O

. Numerical examples use code which is written in Java



Ilterative method (lower bound)

1) Create a list of boxes (AQ,, X

2) Calculate the area Q) = UAQi.
i

. (x,9) .
dQ(x)

3) If 0 remove the box form the list.

. ne
4) Calculate new center of gravity XC W.

new old

5) If X —xd < g then, stop.

6) Go to point 2.




ShapeExample !E I!I




. ShapeExamplel !E I!I




o | FryWINDOWS system32 .cmd.exe - java ShapeExample

area: 9801.0 xc= 50.5 is uncertain 0 is a member 1
areas 9900.0 xc= 50.5 is uncertain 0 is a member 1
areaz 9900.0 xc= 150.0 is uncertain 0 is a member 1
area: 10000.0 xc= 150.0 is uncertain is member
area: 10000.0 xc= 250.0 is uncertain is member
area: 10000.0 xc= 350.0 is uncertain is member
area: 10000.0 xc= 350.0 is uncertain is member
area:z 10000.0 xc= 350.0 is uncertain is a member
area: 10000.0 xc= 50.0 is uncertain 1 is a member 1
sensitivity (minus) [4] = €.128726473573921E-4

current xc (before)195.0859979241303

rectangle 4 was subtracted

current xc (after)188.18734061129885

sensitivity (minus) [5] = 0.002032T796816480963

current xc (before)188.18734061129885

rectangle 5 was subtracted

current xc (after)164.9387293286016

sensitivity (minus) [6] = ©.002658888100334742

current xc (before)164.9387293286016

rectangle 6 was subtracted

W= OUNEWN—=O

current xc (after)133.88870153185348

sensitivity (minus) [T7] = 0.003625967659404146
current xc (before)133.88870153185348

rectangle 7 was subtracted

current xc (after)90.3187536541602

sensitivity (minus) [8] = -8.128617095252152E-4

0.0032193150611044092
0.0052354034464192215

sensitivity (plus) [4]
sensitivity (plus) [5]
sensitivity (plus) [6] 0.0052354034464192215
sensitivity (plus) [7] 0.0052354034464192215
xcMin = 195.0859979241303 xcMinNew 90.3187536541602
sensitivity (minus) [8] = -8.128617095252152E-4
sensitivity (plus) [4] 0.003219315061 1044092
sensitivity (plus) [5] 0.0052354034464192215
sensitivity (plus) [6] 0.0052354034464192215
sensitivity (plus) [7] 0.0052354034464192215
= 90.3187536541602 xcMinNew 90.3187536541602
= 90.3187536541602
D areaz 9801.0 xc= 50.5 is uncertain 0 is a member 1
1 areaz 9900.0 xc= 50.5 is uncertain 0 is a member 1
2 area: 9900.0 xc= 150.0 is uncertain 0 is a member 1




Work done on uncertain path
W =W (L) = | Pdx+Qdy = [ @
L L
L e[l L]

L™ ={x & L' : dW (x,dL) < 0}

| max _ {X c Luncertain : dW(X,dL) > O}




Work done on uncertain path
dW (x,dL) = a(dF) = Pdx + Qdy
Wl :W(Lmin)

Wu :W(LmaX)




Work done on uncertain path

dL = ‘dﬂ / Ay

Ax

dW(x,AL) = PAX+ QAy

dW (X, AT) = o(AT) =
= Pdx(AT) +Qdy(Ar) = PAX +QAy




Topological derivative

dW (X, ATlN) = o(AT) =

= Pdx(Ar)

Qdy(Ar) =P % At




Flux integral

f(S)=[[Pdy Adz+Qdz Adx+Rdx ndy = [[ @
S S

df (AS) = w(AS) = (AT, AT;)

@ = Pdy Adz+Qdz Adx + Rdx A dy




Geometrical interpretation of ds

AF,

2

(X,Y,2) Ar,

o(AS) = w(AT,, AT)

p—



Sensitivity analysis

» Divide the S into AS,.
» Check the sign of @(AS)).
» Depending on the sign of ®(AS,) define S™,S™,

) .I:I _ f(Smin), .I:u _ .I:(SmaX)




Topological derivative
of the flux integral

@w=PdyAdz+Qdz Adx+Rdx Ady = (P oy,2) +Q Az, %) +R a(y’z)jds/\dt
o(s,t) o(s,t) o(s,t)

deo 5 o(y, 2) +0 o(z,Xx) R o(y, z)
dS(s,t) o(s,t) o(s,t) o(s,t)




Line integral

f(L) = fdl = [ fydx*+dy’ +dz* = [
L L L

df (dF) = f/dx? + dy? + dz?

df \/(dsz (dyjz (dzjz
——="f /| —| +| = | +| —
dL(t) dt dt dt




Surface integral

f(S)= [ 1dS = [ £,(dy Adz)’ +(dz ndx)’ +(dxAdy)’ = e

S

df (S,dS) = f/(dy Adz)’ +(dz Adx)’ +(dx ady)

ar f\/(a(% Z)T (5(Z,X)T (5()’, Z)T
= + +
dS(s,t) o(s,1) o(s,1) o(s, 1)




General integral
form differential form

f(M)zIw

df (dM) = e (dM )




Example (volume integral)

» Let us consider volume integral

f(V) = [ gdx Ady Adz
V

» If the volume is regular enough then

([ (2xy) A
f(V)= j[j gdzjdxdy

\ Dy

0

J




Example (volume integral)

V ={(x,y,2):0<z<2(X,y),(X,y) € D, }

df (dV) = j
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Conclusions

» Sensitivity analysis can be applied to the
solution of problems with uncertain
geometry.

» If it is not possible to apply topological
derivative then the sign of differential can be
used.




